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Abstract. A function / : X —¥Y between topological spaces is called compact-preserving if the image f(K) 
of each compact subset K C X is compact. We prove that a function / : X — > Y defined on a strong Frechet 
space X is compact-preserving if and only if for each point lEl there is a compact subset K x C Y such that 
for each neighborhood Ofi^s C Y of f(x) there is a neighborhood O x CXofi such that f(O x ) C 0/(a;) UK X 
and the set K x \ Ofi x \ is finite. This characterization is applied to give an alternative proof of a classical 
characterization of continuous functions on locally connected metrizable spaces as functions that preserve 
compact and connected sets. Also we show that for each compact-preserving function / : X — ^ Y defined on 
a (strong) Frechet space X, the restriction f\LI't (resp. f\LIf) is continuous. Here LI f is the set of points 
x G X of local infinity of / and LI'j is the set of non-isolated points of the set LI j. Suitable examples show 
that the obtained results cannot be improved. 



It is known that a function / : K — > R is continuous if and only if / is preserving in the sense that for each 
compact subset K C K the image f(K) is compact and for each connected subset Ccl the image /(C) is 
connected. The first result of this sort has appeared in 1926 [TU] and later was rediscovered and generalized by 
many authors: [14], 0, 0, [15], [12], [9], pi], [11], [I], 0], 0. 

In this paper we study what remains of the continuity of a function / : X — > Y if it merely preserves compact 
sets. Of course such a function can be everywhere discontinuous as shown by the classical Dirichlet function 
5q : R — > {0, 1} equal 1 on rationals and on irrationals. In this case the compact-preserving property follows 
from the local finity. 

We define a function / : X —> Y between topological spaces to be 

• compact-preserving if the image f(K) of each compact subset K <Z X is compact; 

• locally finite at a point x £ X if for some neighborhood O x <Z X oi x the image f(O x ) is finite; 

• locally infinite at x G X if / is not locally finite at x; 

• sequentially infinite at x 6 X if there is a sequence {s n } neu that converges to x and has infinite image 

{/On)}n£w 

By LIj and SIf we denote the sets of points x € X at which the function / is locally infinite and sequentially 
infinite, respectively. It is clear that SIf C LIf. We shall show that for a compact-preserving function 
/ : X —> Y defined on a Frechet space X the restriction f\SIf is continuous and the set SIf contains the set 
LI^ of all non-isolated points of LIf. 
We recall that a topological space X is 

• first countable if each point x S X possesses a countable base of neighborhoods; 

• Frechet if for each subset A C X and a point a 6 I from its closure there is a sequence {a n }„ eiJ C A 
that converges to a; 

• strong Frechet if for any decreasing sequence A n , n € w, of subsets of X and a point a G Plne^ ^« 
there is a sequence of points a n € ^4„, n € u>, that converges to a. 

• sequential if for each non-closed subset A C X there is a sequence {a„}„ ew C A that converges to a 
point a E X \A; 

These notions relate as follows: 

first countable => strong Frechet => Frechet sequential. 
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By [3l 2.4.G], a topological space X is Frechet if and only if each subspace of X is sequential. For a function 
/ : X — > Y between topological spaces and a point x G X consider the set 

f[x] = {y£Y:xE clx(/ _1 (y))} = f]{f{O x ) : O x is a neighborhood of x in X}, 

which can be interpreted as the oscillation of / at x. If / is continuous at x and Y is a Ti-space, then the set 
f[x) coincides with the singleton {f(x)}. 

The following theorem implies that for a compact-preserving function / : X — > Y from a Frechet space X 
to a Hausdorff space Y, the continuity of / at a point x G X is equivalent to the equality f[x] = {/(#)}■ 

Theorem 1. If f : X — > Y is a compact-preserving function from a (strong) Frechet space X to a Hausdorff 
topological space Y , then for each point x G X and a neighborhood 0/( x ) of f(x) in Y there is a neighborhood 
O x of x in X such that f{O x ) C f[x] U Of/ x \ (and the set f[x] \ is finite). 

Proof. Assume conversely that there is a neighborhood Of( x ) C Y of f(x) such that f(O x ) <f_ f[x] U 0/( x ) f° r 
each neighborhood O x C X of x. This means that the set A = f^ 1 (Y \ (f[x\ U 0/( x ))J contains the point 
x in its closure. By the Frechet property of X, the set A contains a sequence (s„)„ ew that converges to the 
point x. Replacing this sequence by a suitable subsequence we can assume that either the set {f(x n )} n eu> is a 
singleton or else f(x n ) ^ f(x m ) for all n ^ m. In the hrst case the singleton {f(xo)} = {/(x n )} n£w lies in the 
set f[x], which is not possible as xq g A D f^ 1 (f[x]) — 0. So, we have the second option which implies that 
the set K — {f{x)} U {f(x n )} neu is infinite. Since the function / is compact-preserving, the set K is compact 
and being infinite, has an accumulating point y G K, which is not equal to f(x) (as f{x), being a unique point 
of the intersection K n Of( x ), is isolated in K). Then the preimage f~ 1 (y) does not contain the point x and 
hence the set S = {x} U {x n } neul \ f^ 1 (y) is compact. On the other hand, its image f(S) = K \ {y} is not 
compact, which contradicts the compact-preserving property of /. 

Next, assuming that the space X is strong Frechet, we shall prove that the complement f[x] \ Oft x \ is 
finite. Assume conversely that this complement contains a sequence {y n }neui of pairwise distinct points. For 
every n G u consider the set A n = \J m>n f~ 1 {ym) and observe that x G f] nGuJ A n . Since X is strong Frechet, 
there is a sequence of points a n G A n , n G oj, which converges to x. The compact-preserving property of 
/ guarantees that the set K = {f(x)} U {f{a n )} neul C {f(x}} U {y n }n&u is compact. Being infinite, this 
set has an accumulation point y G K, which is not equal to the isolated point f(x) of K . Then the set 
S = {x} U {a n } n6u \ f^ 1 {y) is compact while its image f(S) = K \ {y} is not. But this contradicts the 
compact-preserving property of /. □ 

Theorem [T] implies the following characterization of compact-preserving functions defined on strong Frechet 
spaces. 

Corollary 1. A function f : X — > Y from a (strong Frechet) space X to a Hausdorff space Y is compact- 
preserving if (and only if) for each point x G X there is a subset K x C Y such that for each neighborhood 
Of( x \ C Y of f(x) there is a neighborhood O x C X of x such that f(O x ) C Oft x \ U K x and K x \ Otr x \ is finite. 

Proof. The "only if" part follows from Theorem [TJ 

To prove the "if" part, assume that for each point x G X there is a subset K x C Y such that for each 
neighborhood 0/( x ) C Y of f(x) there is a neighborhood O x C X of x such that f(O x ) C U K x and 

K x \ 0/( x ) is finite. Given a compact subset K C X we need to prove that the image f(K) is compact. Let 
U be a cover of /(if) by open subsets of Y. For each point x E X find an open set 0/( x ) £ W that contains 
the point /(x) G f(K). Next, find an open neighborhood O x G X of x such that f(O x ) C U if^. The 

finiteness of the set if^ \ Of( x ) implies that the set f(O x ) \ Oh x \ is finite. 

The compactness of the set K guarantees that the open cover {O x : x G K} of K contains a finite subcover 
{O x : x G F}. Choose a finite subfamily JF <ZlA whose union UJ 7 contains the finite subset [J xeF f(K fl O x ) \ 
0/(£c) of f(K) C U^- Then V = T U {O/^) : x G -F} is the required finite subcover of f{K) witnessing that 
f(K) is compact. □ 

Theorem [1] can be applied to give an alternative proof of the mentioned "preserving" characterization of 
continuous functions. We recall that a function / : X —}Y has the Darboux property if the image f(C) of each 
connected subset C C X is connected. 
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Corollary 2. A function f : X — > Y from a locally connected strong Frechet space X to a Hausdorff space Y 
is continuous if and only f is compact-preserving and has the Darboux property. 

Proof. The "only if" part is trivial. To prove the "if" part, assume that a function / : X — > Y is compact- 
preserving and has the Darboux property. Assuming that the function / is discontinuous at some point 
and applying Theorem [TJ we conclude that the set f[x] contains a point y, distinct from f(x). Since Y is 
Hausdorff, we can find disjoint open neighborhoods O y and O/^) of the points y and f(x) in Y, respectively. 
By Theorem[TJ the complement F — f[x] \OfM is finite. Replacing the neighborhood O y by O y \ (F\{y}), we 
can assume that O y (~l (f[x] U Of^) — {y}, which means that y is an isolated point of the space f[x] U OfM. 

By Theorem[TJ there is a neighborhood O x C X of x such that f(O x ) C f[x] U O/^)- Since the space X is 
locally connected, we can choose the neighborhood O x to be connected. By the Darboux property, the image 
f(O x ) is connected and contains the point y by the definition of the set f[x] 3 y. On the other hand, the 
point y is isolated in f(O x ), which implies that f(O x ) cannot be connected. This contradiction completes the 
proof. □ 

Remark 1. In fact, the characterization of the continuity given in Corollary [2] holds for any function defined 
on a locally connected Frechet Hausdorff space, see [5]. 

Now we shall study the continuity properties of compact-preserving functions in more details. Let / : X — > Y 
be a function between topological spaces. A sequence (x n )new of points of X will be called 

• infective if x n ^ x m for any distinct numbers n,m G lj; 

• f -infective if f(x n ) ^ f{x m ) for any distinct numbers n, m G cj; 

• f -constant if {f(x n )} neuj is a singleton. 

It is clear that each sequence (x n ) nehJ in X with finite (resp. infinite) image {f(x n )} nehJ contains an /-constant 
(resp. /-injective) subsequence. Consequently, each sequence in X contains an /-constant or /-injective 
subsequence. 

The following theorem proved in [21 Lemma 2] shows that /-injective convergent sequences do not see the 
discontinuity of compact-preserving functions. 

Theorem 2. For any compact-preserving function f : X — > Y from a topological space X to a Hausdorff 
space Y and each f -injective sequence {x n } neuj C X that converges to a point x G X the sequence (f(x n )) n£u] 
converges to the point f(x). 

Proof. The set K = {x} U {x„}„ ew is compact and so is its image f{K). Since the sequence (x n ) n ^ u is 
/-injective, the convergence of (f{x n )) neal to f(x) will follow as soon as we check that f(x) is a unique non- 
isolated point of the compact space f{K). Assuming that y ^ f(x) is another non-isolated point of f(K), we 
observe that the set C = K\ f^ 1 {y) is compact but its image /(C) = f(K) \ {y} is not, which is impossible 
as / is compact-preserving. □ 

Now we establish the promised continuity of a compact-preserving function / on the set SIf of all points 
x G X at which / is sequentially infinite. 

Theorem 3. For each compact-preserving function f : X — » Y from a Frechet space X to a Hausdorff space 
the restriction f\SIf is continuous. 

Proof. Assume that f\SIf is discontinuous at some point x G SIf. In this case we can find a neighborhood 0/( x ) 
of f(x) in Y such that the set A = SIf\f~ 1 (Of( x < ) ) contains the point x in its closure. By the Frechet property 
of A, there is a sequence {ir n } new G A that converges to the point x. Passing to a suitable subsequence, we can 
assume that the sequence (x n ) neuj is /-injective or /-constant. Since the sequence (f(x n ))neu does not converge 
to f(x), it cannot be /-injective by Theorem [2] So, {x n ) neu] is /-constant and hence {f{x n )} n eui = {y} for 
some y G Y. Since Y is Hausdorff, the points f(x) and y have disjoint open neighborhoods t//^) C Of( x ) and 
U y C Y, respectively. 

For every n G u> the function / is sequentially infinite at x n . Consequently, there is a convergent to x 
sequence (i n ,m)meu with infinite image {f(x n ,m)}m£uj- By a standard diagonal argument, we can replace the 
sequences (x n>m ) meu , n G uj, by suitable subsequences, and assume that the double sequence (x n<m ) n>meoj is 
f -injective in the sense that /(^i,fc) f(%j,m) f° r an y distinct pairs (i,k), (j,m) G co x u>. 
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By Theorem [2j for every n G ui the sequence \f{x n ,m)) meu converges to f(x n ) = y. Again passing to a 
subsequence, we can assume that f{x n ,m) € U y for all m G u). Now consider the set {x n ,m}n,meu> and observe 
that it contains the set {x} U {% n }neu hi its closure. Then Frechet property of X yields an injective sequence 
{zk}keui G {x rhm \ n-m eu that converges to x. The /-injectivity of the double sequence {x n-m ) n-meu implies the 
/-injectivity of the sequence (zk)keu- By Theorem^ the sequence {f (zk)}keu C U y converges to f(x), which 
is not possible as f(x) does not belong to the closure of U y . □ 

In light of Theorem [3] it is important to know the structure of the set SIf . Let us recall that by LI'f we 
denote the (closed) set of non-isolated points of the (closed) set LIf of points i£lat which the function / 
is locally infinite. 

A topological space A is called sequentially Hausdorff if each convergent sequence in X has a unique limit. 

Theorem 4. For a compact-preserving function f : X —±Y from a sequentially Hausdorff Frechet space X to 
a Hausdorff space Y , 

(1) the set SIf is closed; 

(2) LI' f G SIf G LIf; 

(3) SIf = LIf provided that X is strong Frechet. 

Proof. 1. Given any point x in the closure SIf of SIf, apply the Frechet property of X and find a sequence 
{x n } n&CJ C SIf that converges to x. For every n G u the definition of the set SIf 3 x n yields an /-injective 
sequence (x n , m )meui that converges to x n . By a standard diagonal inductive procedure, we can replace the 
sequences (x n , m )meu by suitable subsequences and assume that the double sequence (x n , m )n,meu is /-injective 
and the infinite set {f(x n ,m)}n,meu does not contain f(x). Since the set {x n ,m}n,meu $ x contains x in its 
closure, by the Frechet property of A, there is an injective sequence (zk)kEui C {^n,m}n,mew that converges 
to x. The /-injectivity of the double sequence (£ n ,m)n,mew implies the /-injectivity of the sequence (zfc)fcew) 
which witnesses that / is sequentially infinite at x and hence x G SIf. 

2. The inclusion SIf G LIf trivially follows from the definitions. To prove that LI'^ C SIf, fix a non-isolated 
point x of the set LIf and using the Frechet property of X, find a sequence {x n } n&LJ C LIf \ {x} that converges 
to x. 

Let F—i = {.f(x), f(xo)}. By induction, for every n G u we shall construct a finite subset F n C A and a 
sequence (x n ,m)m£u convergent to the point x n such that 

( a ) {f{Xn,m)}meu: 

(b) the sequence (x n , m ) m &u> is either /-injective or /-constant; 

(c) F n - 1 U{f{x n+1 )} G F n ; 

(d) {/(£ n ,m)}meu G F n if the sequence (x n ,m)meui is /-constant. 

Assume that for some n G u the finite set F n _i has been constructed. The condition (c) of the inductive 
construction guarantees that f(x n ) G F n -\. Since / is locally infinite at x n , the point x n does not belong to 
the interior of the set f~ 1 (F n -i). Consequently, the set A n = X\f~ 1 (F n -i) contains x n in its closure. By the 
Frechet property of X, there is a sequence {x ntm } meuJ C A n which converges to x n . Passing to a subsequence 
we can additionally assume that this sequence is either /-injective or /-constant. Put F n+ i = F n U {f(x n+ i)} 
if the sequence (x ntm ) meuJ is /-injective and F n = F n -i U {f(x n +i)} U {f{x n ^ m ) : m G U)}, otherwise. 

After completing the inductive construction, we obtain an increasing sequence (F n ) neiAj of finite subsets of 
Y and /-injective or /-constant sequences (x niW ,) m eu, n G u, with limm-j.oo x n ,m = x n . Replacing {x n )neu> by 
a suitable subsequence, we can assume that either for all n G uj the sequence {x n . m )meuj is /-constant or for 
all n G oj this sequence of /-injective. 

In the second case we can apply a standard inductive diagonal argument and replacing each sequence 
(in,m)meu, ti G uj, by a suitable subsequence, assume that the double sequence {x n<m ) n>m&ul if /-injective. 

Since the set {x n , m } neul contains the set {x} U {x n } n&UJ in its closure, the Frechet property of X yields an 
injective sequence {zfcjfce^ G {#n,ro}n,mew that converges to x. 

If for all n G w the sequence {x n , m ) meul is /-injective, then so is the double sequence (a;„ jm )„. mew and its 
injective subsequence (zk)ketij, which witnesses that / is sequentially infinite at x. 

Now assume that for all n £ w the sequence (a;„ jm ) mew is /-constant. Since the space X is sequentially 
Hausdorff and (zk)keu converges to x ^ x n , n G u>, the set {n G uj : {zk}keu H {x n , m }meu 1S infinite. 

By the construction, for any distinct numbers n,k G u> the singletons {/(a;n,m)}mGtij an d {f{xk,m)}meu are 
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distinct, which implies that the set {f(zk)}keu is infinite and hence the sequence (zfe)fcg w witnesses that the 
function / is sequentially infinite at x. So, x £ SIf. 

3. Assuming that X is strong Frechet, we shall prove that each point x £ LIf belongs to SIf. Assume 
conversely that x £ SIf. Let _F_i = {f{x)}. By induction, for every n £ uj we shall construct a finite subset 
F n C X and an /-constant sequence {x n ,m)meu> convergent to the point x such that 

(1) {/(^n,m)}m£[j 

(2) F n F n — i U {/ {Xn^tyi) }m{iu] ■ 

Assume that for some n £ uj the finite set F n —\ has been constructed. Since / is locally infinite at x, the 
point x does not belong to the interior of the set / _1 (F„_i). Consequently, the set X n = X \ 
contains x in its closure. By the Frechet property, there is a sequence {x n ,m}mew C X n which converges to 
x. Moreover, we can assume that this sequence is /-injective or /-constant. Since x (ji SIf, the sequence 
{x n ,m}neui is /-constant and we can put F n = F n _i U {f{x n , m ) ■ rn £ u)}. 

After completing the inductive construction, we obtain an increasing sequence (F n ) neuj of finite subsets 
of Y and a sequence (x n ,m)m£u, n £ u, of /-constant sequences that converge to x. For every n £ uj put 
Ai = {xk.m, • k, fn £ oj, k > n}. Since x £ C\ n£uj A n , the strong Frechet property of X yields a sequence of 
points a n £ A n , n £ uj, which converges to x. Since f(a n ) £ Unew ^ k \Ufc=o ^k> the set {f(a n )} neu is infinite, 
witnessing that the function / is sequentially infinite at x and hence x £ SIf. □ 

Theorems [3J and U imply: 

Corollary 3. Let f : X — > Y be a compact-preserving function from a sequentially Hausdorff space X to a 
Hausdorff space Y . 

(1) If X is Frechet, then the restriction f\LI'f is continuous. 

(2) If X is strong Frechet, then the restriction f\LIf is continuous. 

Corollary 4. For each compact-preserving function f : X —¥ Y from a sequentially Hausdorff Frechet space 
X to a Hausdorff space Y there is a point x £ X at which f is locally finite or continuous. 

Proof. If there exists a point x £ X \ LIf, then / is locally finite at x. So, we assume that LIf — X. If the 
space X — LIf has an isolated point x £ X, then / is continuous at x. If X = LIf has no isolated points, 
then LI'j = LIf = X and the function / = f\LI'j is continuous according to Corollary □ 

Now we present two examples showing that Theorem [31 2] and Corollary [3J cannot be improved. 

Example 1. There is a function f : X — > R from a Hausdorff Frechet countable space X such that SIf = 
LI'j ^ LIf and f\LIf is discontinuous. 

Proof. Consider the space X — lo° U uj 1 U w 3 endowed with the topology r in which 

(a) each point (fc, n, m) £ u> 3 C X is isolated; 

(b) a set U C X is a neighborhood of a point (k) £ uj 1 C X if and only if (k) £ U and for every n £ uj 
there a number m„ £ uj such that (k, n, m) £ U for all m > m n ; 

(c) a set V C X is a neighborhood of the point £ uj° £ X if and only if £ V and there is a number 
ko £ uj such that for all k > fco arL d n,m £ uj we get (fc) £ V and (k, n, m) £ V. 

It is easy to see that the space X is Frechet but not strong Frechet. 
Now define a function / : X — > R by the formula 



It is easy to check that the function is compact-preserving, LIf — uj° U uj 1 , SIf — LI* — uj°, and f\LIf is 



A topological space X is called a s^ -space if there is a countable family K, of compact metrizable subsets 
of X generating the topology of X in the sense that a set U C X is open if and only if for each compact set 
K £ K the intersection U fl K is open in K. It is well-known that s w -spaces are sequential and normal (even 
stratifiable) . 




if x = £ uj° 
if x £ uj 1 

if x = (k, n, m) £ uj 3 



discontinuous at the point £ uj°. 



□ 
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Example 2. There is a countable s w -space X and a compact-preserving function f : X — > R which is locally 
infinite and discontinuous at each point x G X . 

Proof. Consider the space X = \J neu u) n of all finite sequences of natural numbers, endowed with the topology 
r in which a subset U G X is a neighborhood of a point s — (sq, . . . , s rl -i) G uj' 1 C X if and only if s € U 
and there exists a number mo G lu such that for each m > mo the point s"m — (sq, . . . , s n _ i, m) belongs 
to U. It follows that the sequence (s~m) meuj converges to s and hence the set K s — {s} U {s"m} mew is 
compact. It is easy to see that X is a countable s^-space whose topology is generated by the countable family 
K, = {K s : s G X} of compact subsets of X. The space X was first described by Arhangelskii and Franklin [2] 
and is known in General Topology as the the Arhangelskii- Franklin space. 

Now consider the function / : X — > M assigning to each sequence s = (so, . . . , s„^i) G w n G X the real 
number 

f 1 if n is even, 

, 2 -s„- 1 if n i s odd. 



m = 



It is easy to see that the function / is compact-preserving. On the other hand, each non-empty open set 
U G X has unbounded image f(U) in R, which implies that / locally infinite and discontinuous at each point 
x ex. □ 

Remark 2. In the proof of our results about compact-preserving functions we did not use the full strength 
of the compact-preserving property. What we actually used was the compactness of the images of compact 
subsets with a unique non-isolated point. On the other hand, by transfinite induction it is easy to construct 
a function / : [0, 1] — > [0, 1] which maps each uncountable compact subset of [0, 1] onto [0, 1]. Such a function 
/ preserves the compactness of uncountable compact sets and has the Darboux property but is everywhere 
discontinuous. 
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